In this paper, using the Exact Quantization Rule, we present approximate analytical solutions of the radial Schrödinger equation with non-zero values for the Hulthén potential in the frame of an approximation to the centrifugal potential for any states. The energy levels of all bound states can be easily calculated from the Exact Quantization Rule. Specifically, the normalized analytical wave functions are also obtained. Some energy eigenvalues are numerically calculated and compared with those obtained by other methods such as asymptotic iteration, supersymmetry, numerical integration methods, and the schroedinger Mathematica package.
Introduction
Since quantum mechanics was first established, the finding of exact solutions has been an important research subject which has attracted much attention in this field, because the exact wave function contains all the necessary information about the quantum system under consideration. Over the last few decades a variety of analytical methods such as the supersymmetry method (SUSY) [1] , Nikiforov-Uvarov (NU) method [2] and asymptotic iteration method (AIM) [3, 4] have been developed to solve the wave equations exactly for physically interesting potentials. Recently, an alternative method for solving the one-dimensional Schödinger equation, and the threedimensional radial Schrödinger equation was developed by Ma and Xu [5, 6] .
Ma and Xu [5] have used this new method, which is called exact quantization rule (EQR), to find the exact energy eigenvalues for familiar one-dimensional potentials, as well as the three-dimensional Coulomb potential and the harmonic oscillator potential. By employing this approach, Qiang and Dong [7] have also found arbitrary -state solutions of the rotating Morse potential with the Pekeris approximation. Moreover, using this method, Qiang et al. have also obtained the relativistic solution for the rotational Morse potential with pseudospin symmetry for any κ state [8] . These results show that the Exact Quantization Rule can be efficiently used to obtain the exact bound-state solutions for most solvable potentials. On the other hand, it is well known that the exact solutions of the Schrödinger equation can be obtained for only a few particular forms of potentials. Some physically interesting potentials can not be solved exactly, while the centrifugal term in the three-dimensional Schroödinger equation prevents exact solutions to other potentials (even though they can be solved exactly in the case of the one-dimensional Schrödinger equation). In these cases, approximate methods have been developed to find the bound-state energy eigenvalues numerically or quasi-analytically. For example, Bayrak et al. have recently obtained -state solutions for the Morse and Hulthén potentials using both approximations and the AIM method [9] [10] [11] [12] . Using the same technique, Bayrak and Boztosun have also found the relativistic solution of the rotational Morse potential with pseudospin symmetry for any κ-state [13] . The Hulthén potential [14] is one of the most important short-range potentials in physics. It is used extensively to describe the bound and continuum states of the interaction systems, and has been applied to a number of areas such as nuclear and particle physics, atomic physics, and condensed matter and chemical physics [15] . Due to the importance of this potential and the novel power of EQR, in this work we attempt to extend EQR to obtain solutions for any -state of the Hulthén potential, with some approximation. This paper is organized as follows: In Section 2 we review the EQR method. In Section 3 this method is applied to obtain the exact eigenvalues of the Hulthén potential. The corresponding normalized wave functions are calculated in Section 4. Some numerical results of energy eigenvalues are presented in Section 5. Finally, some concluding remarks are given in Section 6.
Overview of the exact quantization rules
What follows is a brief review of the Exact Quantization Rule. Ma and Xu have proved that the one-dimensional Schrödinger equation [5, 6] 
can be written as
where φ( ) = ψ( ) −1 ψ( )/ is the logarithmic derivative of the wave function ψ( ), M represents the mass of the particle, and the potential V ( ) is a piecewise continuous real function of . Furthermore, it is known from the Sturm-Liouville theorem that φ( ) decreases monotonically with respect to between two turning points, where E ≥ V ( ). Specifically, increases across a node of the wave function ψ( ), where E ≥ V ( ), φ( ) decreases to −∞, jumps to +∞, and then decreases again. By carefully studying the one-dimensional Schrödinger equation, Ma and Xu proposed an Exact Quantization Rule
and B are two turning points determined by E = V ( ) and A < B , N is the number of nodes of φ( ) in the region E ≥ V ( ) and it is larger by one than the number of nodes of the wave function ψ( ). The first term, Nπ, relates to the contribution from the nodes of the wave function, and the second term is called the quantum correction. Ma and Xu [5] have found that the quantum correction is independent of the number of nodes for the exactly solvable systems, so it can be replaced in (3) by
where the subscription "0" denotes the ground state. Finally, the Exact Quantization Rule takes the form
(5) The quantization rule expressed by (5) can be easily generalized to the three-dimensional Schrödinger equation with a spherically symmetric potential. After separation of the angular part of the wave function,
Since (6) is similar to (1), the quantization rule (5) is naturally generalized to the three-dimensional Schrödinger equation with a spherically symmetric potential as follows,
Calculation of the energy eigenvalues by the exact quantization rules
The Hulthén potential we examine in this paper is defined as
where Z and δ are, respectively, the atomic number and the screening parameter, determining the range for the Hulthén potential [14] . The Hulthén potential behaves like the Coulomb potential near the origin ( → 0), but in the asymptotic region ( 1) it decreases exponentially, so its capacity for bound states is smaller than that of the Coulomb potential. However, for small values of the screening parameter δ, the Hulthén potential becomes the Coulomb potential given by
. The radial part of the Schrödinger equation for Hulthén potential can be expressed as (10)
where V ( ) is the effective potential,
Letting R( ) = ( )/ and inserting it into (9) it follows that
Generally speaking, there is no analytical solution to (11) for = 0 (with an appropriate effective potential given by (10)), therefore an approximation must be made. According to [10] 
) 2 can be used for the centrifugal term and the effective potential is finally written as follows,
Instead of using the effective potential V ( ) given by (10) , we use its approximate partner V ( ) given by (12) to solve the radial equation for the Hulthén potential. Inserting this new effective potential into equation (11) and using the following notations to make the differential equation more compact,
the radial Schrödinger equation takes the following form 
which can further be written as
where
V ( ) = (1 + )
Now, we can apply EQR in (7) to the above equation. For this purpose, we first solve the Riccati equation,
Introducing a new variable of the form = 
In order to calculate the quantum correction, we write 0 ( ) as follows for simplicity, 3 ]}
We can now calculate the quantum correction, 
Nex we calculate the left side of (7) for the V ( ). For simplicity, we write k(y) as follows
and so the two turning points are: determined by ( ) = 0 and < . Now, it is easy to find ( ) = ( )
Substituting (23) and (27) into (7) and further using (13) 
Eigenfunctions
After obtaining the energy eigenvalues, we can find the corresponding eigenfunctions. Although we can directly solve the Schrödinger equation for the effective potential V ( ), we have considered another way to solve this problem. By using the variable defined before and using (12) and (13), The Riccati equation
takes the form
Using the MATHEMATICA (Wolfram Research, Inc., Mathematica, Version 5.2, Champaign, IL) software package, we can find a physically acceptable solution for this align
, we finally obtain
where C is the normalization constant. (32) is formally different from one given by (36) of [10] , but we can prove they are identical each other. For this purpose, we introduce a variable = − used by [9] , u(y) becomes
Now, using formula (http://functions.wolfram.com/07.23.16.0002.01) we can write ( ) as follows
If we let 1 + + + β 2 + 2 = − , we will get (28) again. So ( ) finally takes the form
where N is a new normalization constant. By using following formula (Paul Abbott private communication,2007)
we obtain the analytical expression of normalization constant N = δ( + + + 1)Γ( + 2 + 1)Γ(2( + + 1) + ) ( + + 1) !Γ( + 2 + 2)Γ(2 )Γ(2 + 1) (38) (36) is just the total radial wave function given by (36) of [10] , but (38) is new.
Numerical application
To test the accuracy of our method, we calculate the energy eigenvalues for any and quantum numbers, several values of the screening parameter and Z = 1. In Tables 1 and 2 , EQR results are compared with the results of AIM [10] , SUSY [16] , the numerical integration [15] methods and the schroedinger Mathematica package [17] . As can be seen from these results, the EQR values are in good agreement with those from the other methods for small δ values. For large δ values, the differences between techniques become more apparent. The differences are due to theṼ ( ) potential, which has been used to approximate the V ( ) potential.
Concluding remarks
By using the Exact Quantization Rule, we have shown an alternative method to obtain the energy eigenvalues and corresponding eigenfunctions of the Hulthén potential using an approximation to the centrifugal potential. The main results of this paper are the energy eigenvalues which are given by equation (28). Furthermore, we obtained normalized eigenfunctions given by (32) and (36). The advantage of the Exact Quantization Rule is that it gives the eigenvalues by calculating two integrations, and solving the resulting algebraic equation. The wave functions are easily obtained by solving the Riccati equation and further completing an integration. The method presented in this paper is a systematic one and it is very efficient and practical. It is worth extending this method to the solution of other interaction problems.
